The approach used for the determination of S-wave amplitudes containing the application of the nonrelativistic approximation in the case of P-waves leads to unphysical divergencies. We show how to avoid the latter in calculations of contributions to the cross section near threshold in agreement with field theory. This enables us to give quantitatively reliable predictions for the forward-backward asymmetry and for the axial contribution to the total cross section for the top-antitop system. Also the cross section for the production of stop-antistop near threshold is determined.
Introduction
The observation of the top quark has been reported recently by two colaborations at FNAL [1, 2] (CDF and D0). They quote masses of 176 ± 8 ± 10GeV and 199 +19 −21 ± 22GeV respectively . Electroweak data from LEP [3] and the predicted Standard Model cross section indicate a slightly lower top mass around 170GeV .
Thus it seems to be established by now that the top quark is very heavy, giving it an extraordinary status in the particle spectrum discovered so far. A main characteristic of the top quark compared to other heavy quarks is its large decay width due to t → W + b
of the order of 1GeV . In the present paper we will investigate properties of the top which are relevant in a future e + e − collider (or perhaps µ + µ − ).
Such a machine would be the ideal place to investigate in detail its properties. Especially the threshold region could give us independent determinations of the mass and width of the top quark as well as an improved determination of the strong coupling constant. Whereas for lighter quarks thebound state shows individual energy levels (as in charmonium and bottonium) the large electroweak decay width of the top smears out individual levels. On the other hand it makes QCD perturbation theory more reliable [4] because the t decays fast enough on the times scale of strong interaction to prevent hadronisation and thus essential contributions of inherent nonperturbative character.
This work is organized as follows. In sect. 2 we fix the notation for cross sections and summarize the Green function approach. Section 3 is devoted to the calculation of the forward-backward asymmetry originating in the interference of S-and P-waves. P-wave Green functions are needed exclusively for the calculation of the total cross section for the stop-antistop production as well as for the axial contribution to the cross section for tt. Both are calculated in chapter 4. Finally in chapter 5 we draw our conclusions.
Calculation of cross sections near threshold
The nowadays quite standard Green function approach [5, 6, 7] relies on the observation that particles produced near threshold move relatively slow and thus one approximates the exact four point function by a nonrelativistic Green function. This Green function fulfills the equation
where V (r) is a perturbative or QCD-motivated potential. The width Γ has been included to treat an unstable particle. In general the total cross section for tt production is given by ( a color factor 3 already included, X = A, V )
whereas for scalar constituents, likett (stop-antistop) from an eventual supersymmetric generalization only one contribution occurs
with
and
The Standard Model (SM) values of a (X) , b (X) as well as the values of the minimally supersymmetric extended Standard Model (MSSM) a s , b s are given by
and a s = −q t +Q Z P origin, the general solution of eq. (1) can be written as
where g < (r < ) and g > (r > ) are regular solutions of the homogeneous equation
at r = 0 or r → ∞, respectively. The actual behavior of the solution g < (r < ) (and also of the irregular one) for r → 0 depends on the potential and on l. In this work we use a one loop renormalization group improved potetial, treating four flavors as massles (n f = 4).
The bottom quark contribtion is included in a pure perturbative manner.
The color factor 4/3 is absorbed in the definition of α:
In principle all other parts of the general potential derived in [11] on purely field theoretic grounds can be included as well.
Due to the presence of the width iΓ the behavior of g > (r) for r → ∞ is given by
This exponential damping behavior is the origin of the infrared cut off mentioned already in [4] . Consider for simplicity the case E = 0. Then we can write
where E B = mα 2 /2 and r B are the Bohr energy and the Bohr radius of the system, respectively . This formula clarifies that if the width Γ is approximately equal to E B the form of the potential is only "tested" up to the order of magnitude of the Bohr radius.
The situation is improved for E < −Γ since here we have
This relation also holds also for small Γ and thus the Bohr radius again becomes the relevant scale.
The matching condition for g < and g > is provided by the δ distribution in eq. (1):
Numerically it is possible to obtain the regular solution at the origin directly by imposing suitable boundary conditions. In the following we will need both S-and P-wave Green functions. For the singular solution of the former we use the following method [5, 7] .
Suppose you have two solutions: g < (r) as above and u 2 (r) a solution determined by an arbitrary boundary condition. Then the solution g > is given by
The constant c can be determined from eq. (25). For l = 0 and a Coulomb-like potential at the origin we arrive with the boundary conditions
and arbitrary ones for u 2 at the result
According to eq. (3) and (14) the total cross section is proportional to ImG(0, 0). With this knowledge it is possible to calculate the total cross section near threshold for any given potential V (r). We have written a numerical routine for MATHEMATICA T M which has been checked to give the correct answer for the known Green function of a purely Coulombic potential.
Before presenting some numerical studies, a short remark on the coupling constant to be used seems in order. It is customary to take the strong coupling constant α s in the MS scheme. Especially experimental determinations are always given in terms of α M S s (M Z ). But in bound state calculations it is natural to use an α s defined differently. Clearly it should be possible to relate the two schemes. To avoid complications from heavy fermion masses we treat 4 flavors as massless. The difference in the bottom quark contribution can be expected to be smaller than the experimental uncertainties in α s . Therefore we ignore it in the following consideration. The quark-antiquark potential in the MS scheme can be extracted e.g. from [10] to O(α s ):
Comparison with the QCD potential [11] for n f light flavors gives
where BS denotes our bound state scheme used in [11] . Numerically this means that our α is slightly smaller than usual which is advantageous for our perturbative calculation.
Remember that the above values for α, α M S differ by a factor 4/3 from α s .
Forward-Backward Asymmetry
The formalism used in the last section to investigate the total cross section for tt production addressed a very suitable observable to determine the mass of the top quark. But since the total cross section at threshold is also significantly influenced by other quantities like the strong coupling constant and the top decay-width, it is necessary to have some independent observables. It was first proposed in [9] that the forward backward (FB) asymmetry would provide such a quantity. It has the additional advantage that it is independent of the absolute normalization of the cross section measurement. Thus it can be determined experimentally with high accuracy. However, treating this problem in a nonrelativistic context, one encounters unphysical divergences which made necessary the introduction of an unnatural cut-off. In this section we will show a systematic way how to avoid such divergencies.
The FB asymmetry is defined as the relative difference of the cross section for particles produced in the forward and in the backward direction, with respect to the direction of the e − beam.
Since the top quarks will be identified by their main decay products W and b let us consider the cross section for the process
with the phase space factor
and a similar one for the decay of the antitop. Production of W + bW −b via other channels can be treated as in [12] . 
shows that eq. (39) has the solution
where it is understood, that the two legs of G on the right hand side are connected with the γ-matrices and a momentum integration is performed.
We can split the matrix element into
Near threshold the propagators in D and the Green function G should be dominated by small momenta and therefore it should be possible to replace them by their nonrelativistic approximations. However, for D the approximation to O(α) is needed for the axial vertex, since the zero order propagators would give zero due to λ − γ 5 γ i λ + = 0.
This gives rise to the effective nonrelativistic axial vertex
We note already here that the term p γ 2m
introduces an additional power in p which is not present in the relativistic propagator. Instead the factor
in (48) would be replaced by
which is finite for p → ∞. Thus a divergence of (48) at | p| → ∞ is really an artifact of the nonrelativistic approximation.
Using the fact that the heavy quarks are on shell up to O(α 2 ) we can write
in agreement with [13] .
From the modulus squared of the propagators we obtain a factor dp 0 2π
Collecting everything from above, performing the trace in a frame where the leptons move along the z-axis we get for the FB-asymmetry
where
The SM values for a (X) , b (X) are given in (7) and (8). We introduced an intermediate cut-off Λ in (52) since the p integration is logarithmically divergent. It will be possible to remove it in the following. The Green function G( p) in (52) is defined by
G l=0 (r, r ′ ) denotes the S-wave Green function in configuration space, eq. (29). Let us now investigate the term
Using the representation (17) one can show that only P-waves (l = 1, m = 0) contribute to the sum. Thus we need to evaluate eq. (19) for l = 1. The regular and singular solutions behave at the origin as
respectively. We now construct a singular solution with c > = 1 out of two arbitrary solutions u p1 and u p2 :
by means of
B p is determined by the requirement of regularity at infinity
Then the condition (25) demands c < = m/3. Performing the differentation in the zdirection in the limit y → 0 in (57) leads to
While the expressions (56) and (62) are well defined, it has been observed in [9] and [14] that (52) is logarithmically divergent. Thus cutoffs (Λ) have been introduced to make numerical predictions possible. Since in our present case the divergence is only logarithmical, this leads to phenomenologically reasonable results. But the explanations given in these references are different and so are the cut-offs. It may, however, happen that for the comparison with experimental data with some cuts a reintroduction of some kind of cut-off will be necessary 1 , but we feel saver by first giving a satisfactory theoretically prediction and leaving this possibility open to the experimentalists.
In any case, the introduction of these cut-offs leads to some numerical uncertainty in the result, and is clearly unsatisfactory from the theoretical point of view. Furthermore we will see in the next section, that a similar UV-divergence occurs in the context of the stop-anti-stop production. Since this divergence is linear, a better understanding of the origin of this kind of divergencies is necessary to give a quantitative prediction.
The key point of our solution of the problem is to go back to the perturbative sum of the graphs for σ F B . This is illustrated in figure (1) .
Consider now the leading (tree) contribution in the nonrelativistic approximation (e.g. the first graph in fig. 1 ). In this case both S-and P-wave Green functions are replaced by
This leads to the logarithmically divergent expression (for Λ → ∞)
Since the remaining graphs in fig. 1 by power counting can be shown to give finite results we conclude that the nonrelativistic approximation was not valid in the tree graph due to the extra power in p from the axial vertex. Furthermore since (64) is the only divergent contribution in the (infinite, but assumed to be convergent) sum in fig. 1 representing G we conclude that the divergent part of (52) is entirely contained in the first (free) contribution (64). We could now remove this divergence by a replacement p/m → p/E p , as indicated above. This, however, does not respect another qualitative difference between the exact tree contribution and its nonrelativistic approximation. Namely in the relativistic calculation the phase space is cut off when the momentum squared of one quark falls below the invariant mass of the decay products [5] .
Therefore, we return, instead, to the relativistic expression for the tree contribution.
Since we are dealing with a decaying particle, we will have to include the self energy contribution due to the decay in the propagator. This will in general lead to gauge dependent results, but we can use the constant on-shell width to obtain the leading contribution in the weak coupling [15] .
This makes the quantities we are considering finite (for Γ → 0) and gauge independent.
The remaining higher order contributions (e.g. gauge dependent if one considers only one diagram) can be calculated perturbatively. Therefore, to leading order it seems reasonable to take the constant width approximation for the top propagator.
Since we are only investigating processes with tt intermediate states which will give the main contribution to the cross sections, we focus on the graph shown in fig. 2 . A further advantage of this method is that now the other -non resonant -graphs for the process e + e − → W + bW −b to leading order in the weak coupling [12] need only to be added to yield the background contribution.
Performing the straightforward calculation for the relativistic tree contribution with * A V Fig. 2 a constant, but non-zero width Γ, we arrive at
This could have been also obtained by replacing the fermion propagator by
and cutting it to effectively replace the phase space element for a stable quark
A transparent summary of our approach may be formulated like this: To obtain finite, gauge independent results to the desired order we simply propose to replace the nonrelativistic tree contribution by the relativistic one and leave the (finite) rest unchanged:
In fig. 3 the numerical results are shown for the different contributions to σ F B for Λ = 300
GeV. This can be estimated to give a result for lim Λ→∞ (σ F B,Λ − σ fig. 4 for m t = 180 and an electron polarization of 0.6. We also included the hard corrections as given in [14, 16] .
We believe that our approach has the decisive advantage that it can be based upon to the original set of graphs to be considered and it is clear which graph has been calculated to which accuracy. Thus at least in principle a systematic improvement is possible. The present approach should also be applicable to the O(α s ) final state corrections calculated in [17] . [18, 19] . We will apply the method of replacing divergent nonrelativistic graphs, implicit in the Green function approach, by the relativistic, finite ones to get a reliable quantitative result also for this case.
Considering the Coulomb Green function as a first approximation it was observed in [18] that the total cross section for a stop-antistop pair near threshold develops an unphysical linear divergence due to the nonrelativistic approximation. Even a relativistic calculation of the imaginary part of the one loop contribution using the commonly used propagator 1/(p 2 − m 2 + imΓ) remains logarithmically divergent. This is due to the fact that this propagator does not fulfill the requirements of (local) quantum field theory as does the expression dµ
which is in agreement with the Lehmann representation of the full propagator. The tree contribution (denoted σ 1 ) using (70) reads
whereas we have for the nonrelativistic tree contribution
However, a single subtraction of the tree graph is not sufficient. One should also subtract the logarithmically divergent one-gluon exchange term. But since we replaced the gluon propagator by the resummed one we should also calculate the relativistic graph with a resummed propagator to get the correct behavior at infinity. Unfortunately this leads to renormalon ambiguities. Therefore, we conclude that the uncertainties in choosing the right cut-off are of the same order of magnitude as higher QCD corrections, and we circumvent these difficulties for the time being by keeping the cut-off in the logarithmic divergent terms, choosing its value Λ = Λ 0 = m from the observation that this cut-off would have given the correct answer in the case of the FB-asymmetry discussed in the last section.
The same is true for the pure axial contribution to the total cross section for tt production since each axial vertex contributes in the nonrelativistic limit an extra power in p as explained in the last section. The only change is to replace the factor
by 
E/GeV
Using the methods of the preceding sections we obtain within the Green function approach
where f X denotes either f s for the scalar or f f for the axial fermionic cross section. The different contributions to the cross section for the scalar case
are depicted in fig. 5 for cos 2 θ t = 0.5, m = 180, Γ = Γ top . The net result is shown in fig. 6 for the axial contribution to the tt cross section. [20] and a 10% reduction of the decay width [21] in addition to the aforementioned potential. We conclude that the axial contribution gives a sizeable effect (of a few percent ) to σ tot beginning at ≈ 5GeV above threshold. However, it is small enough in order to hide the uncertainty in Λ with respect to O(α 2 s ) corrections to the vector contribution to σ tot .
In fig. 7 we compare the cross sections for the production oftt near threshold for two different values of the decay constant ( cos 2 θ t = 0.5, m = 180). It is interesting to note that in contrast to the S-wave case the O(α s ) corrections to the potential give a relatively small effect. This raises the hope that in the P-wave case fixed order perturbation theory works better as it does for S-waves and thus our subtraction procedure is stricly applicable also for the one gluon exchange term without getting troubles from the resummed gluon propagator. In fig. 8 and 9 we compare our result for thett cross section with that for a pure Coulomb potential, both computed with our subtraction method. A further difference is that the lowest lying resonance peak (the 2P-level) is enhanced by the QCD potential and not suppressed as is the 1S-peak. This is in agreement with the calculation of the wave function corrections [22] .
Conclusion
We have calculated the forward-backward asymmetry and the pure axial contribution to the total cross section for the tt system. Furthermore the leading contribution to the total cross section for heavy scalars is determined in this region. 
